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Let p be a prime larger than 3 and congruent to 3 modulo 4, and
let G be the non-abelian group of order p3 and exponent p. We
study the structure of a putative difference set with parameters
(p3, p
3−1
2 ,
p3−3
4 ) in G which is ﬁxed by a certain element of order
p in Aut(G). We then give a construction of skew Hadamard
difference set in the group G for each prime p > 3 that is
congruent to 3 modulo 4. This is the ﬁrst inﬁnite family of non-
abelian skew Hadamard difference sets. Finally, we show that the
symmetric designs derived from these new difference sets are not
isomorphic to the Paley designs.
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1. Introduction
Let G be a ﬁnite (multiplicative) group of order v . A k-subset D of G is called a (v,k, λ) difference
set if every non-identity element g ∈ G has exactly λ representations g = d1d−12 with d1,d2 ∈ D . If
the group G is abelian (resp. non-abelian), then D is called an abelian (resp. non-abelian) difference set.
The number n := k − λ is called the order of the difference set D . For more background on difference
sets, please refer to [2] and Section VI of [20].
We shall use standard group ring notations; for instance, see [2]. For a subset X of G , we set
X (−1) = {x−1 | x ∈ X}; also we use the same X to denote the group ring element ∑x∈X x ∈ Z[G]. Then
a k-subset D of G is a (v,k, λ) difference set in G if and only if it satisﬁes the following equation
in the group ring Z[G]: DD(−1) = n + λG. Also for A = ∑g∈G ag g ∈ Z[G], and X ⊆ G , we deﬁne
[A]X =∑g∈X ag g , and call it the X-part of A.
A difference set D in G is called a skew Hadamard difference set if G is the disjoint union of D ,
D(−1) and the identity. A typical example is the set of nonzero squares in the ﬁnite ﬁeld Fq when
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abelian skew Hadamard difference sets. There have been two new constructions of such difference
sets in elementary abelian 3-groups recently, cf. [8,9,22]. They have been shown to be inequivalent
to the Paley difference sets for small parameters, but the general inequivalence problem is still left
open. There were no inﬁnite families of non-abelian skew Hadamard difference sets known prior to
our work in this paper. Some restrictions on groups that contain skew Hadamard difference sets can
be found in [4,5,11].
Character theory is a very useful tool in the study of difference sets in abelian groups. Due
to the following inversion formula, algebraic number theory plays an important role in the study
of abelian difference sets. For an account of development in this direction, we refer the reader to
[2,12,13,17,18,23].
Inversion formula. Let G be an abelian group of order v . If A = ∑g∈G ag g ∈ Z[G], then ah =
1
v
∑
χ∈Gˆ χ(Ah
−1), for all h ∈ G , where Gˆ is the group of complex characters of G and χ(Ah−1) =∑
g∈G agχ(gh−1).
One consequence of the inversion formula is as follows. Let G be an abelian group of ﬁnite order,
and let A and B be two elements of Z[G]. Then we have A = B if and only if χ(A) = χ(B) for all
characters χ of G . We shall make use of this fact later.
The study of non-abelian difference sets has been less active comparatively. There are construc-
tions of difference sets in non-abelian 2-groups whose exponents exceed Turyn’s bound for abelian
difference sets [6,7]. Smith [19] was able to give the ﬁrst genuinely non-abelian difference set with
parameters (100,45,20), in the sense that there exist no abelian difference sets with the same param-
eters. Due to these facts, we believe that there is a potential to break new ground in the construction
of non-abelian difference sets. One possible approach is to study putative non-abelian difference sets
ﬁxed by certain group automorphisms. We demonstrate this by investigating putative difference sets
in the following group of order p3 and exponent p:
G := 〈a,b, c ∣∣ ap = bp = cp = 1, b−1ab = ac, ca = ac, cb = bc〉,
where we assume p is a prime larger than 3 and congruent to 3 modulo 4 throughout. As a historical
remark, we mention that the problem of classifying all difference sets in groups of order p3 was ﬁrst
posed by Xiang, cf. [16,20].
We suppose that D is a putative difference set in G with parameters (p3, p
3−1
2 ,
p3−3
4 ) ﬁxed by a
certain element σ of order p in Aut(G) which will be speciﬁed later. We shall ﬁrst study the structure
of D to get some restrictions on each of its components. We then prove our main result, Theorem 1,
which gives a construction of a skew Hadamard difference set in the group G for each prime p > 3
that is congruent to 3 modulo 4. For the deﬁnitions of Nc , Sb in Theorem 1, please refer to Section 2.2.
Theorem 1. Let p be a prime larger than 3 and congruent to 3 modulo 4, and deﬁne
G := 〈a,b, c ∣∣ ap = bp = cp = 1, b−1ab = ac, ca = ac, cb = bc〉.
Take g ∈ Z∗p such that ( 2gp ) = 1. We deﬁne σ ∈ Aut(G) by σ(a) = ba, σ(b) = bcg , σ(c) = c, and denote the
orbit of ai under σ by Li for each i ∈ Z∗p . We set S = Nc, T = Sb, Ai = (Nc +
1−( ip )
2 )c
−i3
24g +im for each i ∈ Z∗p ,
where m is a ﬁxed constant in Zp . Then D =∑i∈Z∗p Li Ai + T 〈c〉 + S is a skew Hadamard difference set in G
with parameters (p3, p
3−1
2 ,
p3−3
4 ).
In the last section, we show that the symmetric designs derived from these new difference sets
are not isomorphic to the Paley designs.
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2.1. The automorphism σ
In this subsection, we specify the element in Aut(G) that we need for our putative difference
set D , and study the properties of its orbits on G .
Since the commutator subgroup G ′ = 〈c〉 is characteristic, we see that each element σ ∈ Aut(G)
induces an automorphism σ¯ of G/G ′ in the natural way: σ¯ (g¯) = σ(g) for each g ∈ G . We know that
σ¯ ∈ Aut(G/G ′) deﬁned by σ¯ (a¯) = b¯a¯, σ¯ (b¯) = b¯ generates a Sylow p-subgroup of Aut(G/G ′). The set of
its pre-images in Aut(G) is{
σ f ,g: σ f ,g(a) = bac f , σ f ,g(b) = bcg, σ f ,g(c) = c
}
,
where f , g ∈ Zp , and σ f ,g(c) = σ f ,g(a−1b−1ab) = c. We take our automorphism to be σ := σ f ,g for
some f ∈ Zp , g ∈ Z∗p , which will be speciﬁed later. It is easy to check that σ has order p.
We next study the orbits of σ on G . Clearly elements of 〈c〉 are ﬁxed by σ by deﬁnition. The
following facts follow from direct computations:
σ k
(
aicl
)= bkiaicl+k i2−i2 +kf i+ k2−k2 gi, σ k(b j)= b jckg j,
where k, i, j, l ∈ Zp . Therefore, when i 	= 0, the orbit of aicl is {bkiaicl+k i
2−i
2 +kf i+ k
2−k
2 gi: k ∈ Zp}, or
equivalently, {bkaicl+k i−12 +kf+ k22i g− k2 g : k ∈ Zp} after a change of variable. We denote by Li the orbit of
ai for each i ∈ Z∗p . The orbit of b j ( j 	= 0) is b j〈c〉. We see that the orbits of elements of 〈a〉〈c〉 and〈b〉 \ {1G} form a partition of G , so they are all of the orbits of σ on G .
2.2. Properties of the Li ’s
We ﬁx the following notations throughout the paper. We denote by sp , np the sets of nonzero
squares and non-squares in Zp respectively. For a complex primitive p-th root of unity ξp , write
S0 = ∑u∈sp ξup , N0 = ∑u∈np ξup ,  = S0 − N0. It is well known that  = p [1]. Given an element
x ∈ G of order p, we use Sx for ∑u∈sp xu , and Nx for ∑u∈np xu . It is easily veriﬁed by the inversion
formula that
(Sx − Nx)(Sx − Nx)(−1) = p − 〈x〉.
Clearly, Sx − Nx =∑i∈Zp ( ip )xi , where ( ·p ) is the Legendre symbol. By comparing the coeﬃcient of xt
on both sides of the above equation, we see that
∑
j∈Zp
(
j( j + t)
p
)
= −1, ∀t ∈ Z∗p . (1)
Also, it is well known that Nx , Sx are skew Hadamard difference sets in 〈x〉 (cf. [4]).
For each u ∈ Z∗p , we have
∑
k∈Zp
xuk
2 = 〈x〉 +
(
u
p
)
(Sx − Nx)
by a simple calculation.
Now we study the properties of the Li ’s.
Proposition 2.
(1) Li L
(−1)
i = p + 〈b〉〈c〉 − 〈c〉 for each i ∈ Z∗p .
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i j(i− j)
8g [〈c〉 + (−2gi j(i− j)p )(Sc − Nc)], where i, j ∈ Z∗p , i 	= j and W = 〈a〉〈c〉.
Proof. (1) We directly compute
Li L
(−1)
i =
∑
k,l∈Zp
bk−lc
i−1
2 (k−l)+ g2i (k2−l2)− g2 (k−l)+(k−l) f
=
∑
t∈Zp
bt
∑
l∈Zp
c
i−1
2 t+ g2i (2lt+t2)− g2 t+t f =
∑
t∈Z∗p
bt〈c〉 + p
= p + 〈b〉〈c〉 − 〈c〉.
(2) For any α = bkaick i−12 +kf+ k22i g− k2 g ∈ Li , β = bla jcl
j−1
2 +l f+ l
2
2 j g− l2 g ∈ L j , we have αβ−1 ∈ W if and
only if k = l. The claim is clearly true by considering their images in G/W . We write t = i − j and
directly compute
[
Li L
(−1)
j
]
W =
∑
k∈Zp
bkaia− jb−kck
i− j
2 + k
2
2 (
1
i − 1j )g
= at
∑
k∈Zp
c−kt+k
t
2+ −gt2 j( j+t)k2 = at
∑
u∈Zp
c
−gt
2 j( j+t) u2+ j( j+t)t8g
= atc j( j+t)t8g
[
〈c〉 +
(−2gi j(i − j)
p
)
(Sc − Nc)
]
. 
3. Structural results
In this section, we ﬁx σ := σ0,g for some g ∈ Z∗p . Assume that D is a putative difference set in G
with parameters (p3, p
3−1
2 ,
p3−3
4 ) ﬁxed under σ . Therefore, we can write D in the following form:
D =
∑
i∈Z∗p
Li Ai + T 〈c〉 + S,
where Ai ⊆ 〈c〉 for each i ∈ Z∗p , S ⊆ 〈c〉, T ⊆ 〈b〉 \ {1G }. Because |D| = p
3−1
2 , |Li| = p, we see that
|S| ≡ p3−12 ≡ p−12 mod p. Since |S| p, we must have |S| = p−12 .
3.1. The quotient image in G/G ′
We ﬁrst study the quotient image D¯ in G¯ = G/G ′ . We still write a, b as their respective images
in G¯ by abuse of notation. We have Li = ai〈b〉 for each i ∈ Z∗p , so D¯ = 〈b〉R + pT + p−12 , where
R =∑i∈Z∗p |Ai|ai . After expanding D¯ D¯(−1) = p3+14 + p3−34 pG¯ and dividing by p, we get
〈b〉RR(−1) + pT T (−1) + |T |〈b〉(R + R(−1))+ p − 1
2
〈b〉 R + R
(−1)
p
+ p − 1
2
(
T + T (−1))
= p
2 − p + 2
4
+ p
3 − 3
4
G¯. (2)
It follows that R + R(−1) ≡ 0 mod p. The coeﬃcients of 1G on both sides are [RR(−1)]1G + p|T | =
p2−p+2
4 + p
3−3
4 . Comparing the 〈b〉-part of both sides, we have
〈b〉[RR(−1)]1 + pT T (−1) + p − 1 (T + T (−1))= p
2 − p + 2 + p
3 − 3 〈b〉.
G 2 4 4
T. Feng / Journal of Combinatorial Theory, Series A 118 (2011) 27–36 31It follows that pT T (−1) + p−12 (T + T (−1)) = p|T | − p
2−p+2
4 〈b〉+ p
2−p+2
4 . Now taking modulo p and
dividing by p−12 from both sides, we get T + T (−1) ≡ 〈b〉 − 1 mod p. Therefore,
T + T (−1) = 〈b〉 − 1, (3)
and it follows that
T T (−1) = p + 1
4
+ p − 3
4
〈b〉. (4)
In other words, T is a skew Hadamard difference set in Zp , which must be Sb or Nb by [4].
Now our Eq. (2) becomes
RR(−1) + p
2 − p − 2
4
+ p
2 − 1
2
· R + R
(−1)
p
= p
3 − 3
4
〈a〉. (5)
From this, we see that |R|2 + p2−p−24 + p
2−1
2 · 2|R|p = p
3−3
4 p, which gives |R| = p
2−p
2 .
Remark. When p = 7, Eq. (5) has only two solutions as is easily veriﬁed with Magma [3]: R =
3Na + 4Sa and R = 4Na + 3Sa . In both cases, R + R(−1) = 7(〈a〉 − 1G).
In the next two subsections, we study the group ring equation DD(−1) = p3+14 + p
3−3
4 G , namely,( ∑
i∈Z∗p
Li Ai + T 〈c〉 + S
)( ∑
i∈Z∗p
Li Ai + T 〈c〉 + S
)(−1)
= p
3 + 1
4
+ p
3 − 3
4
G. (6)
3.2. The 〈b〉〈c〉 part
Now we compare the 〈b〉〈c〉-part on both sides of Eq. (6), and get
∑
i∈Z∗p
Li L
(−1)
i Ai A
(−1)
i +
(
T 〈c〉 + S)(T 〈c〉 + S)(−1) = p3 + 1
4
+ p
3 − 3
4
〈b〉〈c〉. (7)
Now using Proposition 2(1), Eqs. (3), (4) and after some simpliﬁcations, we see that Eq. (7) is reduced
to
p
∑
i∈Z∗p
Ai A
(−1)
i + S S(−1) +
(〈b〉〈c〉 − 〈c〉)∑
i∈Z∗p
|Ai|2 + p
2 − p + 2
4
〈c〉
= p
3 + 1
4
+ p
3 − p2 + p − 1
4
〈b〉〈c〉. (8)
We further consider the 〈c〉-part of this last equation, which gives p∑i∈Z∗p Ai A(−1)i + S S(−1) =
p3+1
4 + p
3−p2+p−1
4 〈c〉. Now taking modulo p, we get S S(−1) ≡ p+14 + p−34 〈c〉 mod p. Because |S| = p−12 ,
we must have
S S(−1) = p + 1
4
+ p − 3
4
〈c〉. (9)
Substituting this into Eq. (8), we get
∑
i∈Z∗p
Ai A
(−1)
i =
p2 − 1
4
+ p
2 − 2p + 1
4
〈c〉. (10)
It is easily veriﬁed that Eqs. (3), (4), (9), (10) are suﬃcient to guarantee the validity of Eq. (7).
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Now we consider the coeﬃcients of elements in W1 := 〈a〉〈c〉 \ 〈c〉 on both sides of Eq. (6). We
have [Li]W1 = ai and [Li L(−1)j ]W1 the same as [Li L(−1)j ]W in Proposition 2(2) when i 	= j. Write R˜ :=∑
i∈Z∗p a
i Ai . After some simpliﬁcations, this gives
p3 − 3
4
(〈a〉 − 1)〈c〉 = |T |〈c〉(R + R(−1))+ S(−1) R˜ + S R˜(−1)
+
∑
t∈Z∗p
at
∑
j 	=0,−t
c
( j+t) jt
8g
(
〈c〉 +
(
2g( j + t) jt
p
)
(Sc − Nc)
)
A j+t A(−1)j . (11)
Recall that R =∑i∈Z∗p |Ai |ai , |T | = p−12 . Now by considering the at〈c〉-parts, t ∈ Z∗p , separately, we see
that the above equation holds if and only if
p3 − 3
4
〈c〉 = p − 1
2
〈c〉(|At | + |A−t |)+ S(−1)At + S A(−1)−t
+
∑
j 	=0,−t
c
( j+t) jt
8g
(
〈c〉 +
(−2g( j + t) jt
p
)
(Sc − Nc)
)
A j+t A(−1)j (12)
holds for each t ∈ Z∗p .
We study Eq. (12) through character values. It is easily veriﬁed that the quotient image of Eq. (11)
in W /〈c〉 is equivalent to Eq. (5), so when we apply the principal character (the character which
maps each group element to 1) of 〈c〉 to Eq. (12), it will hold for each t ∈ Z∗p if and only if Eq. (5)
holds.
Let ξp be a complex primitive p-th root of unity, and let χ be the character of 〈c〉 which maps c
to ξp . We have χ(Nc) = N0, χ(Sc) = S0. Applying χ to both sides of Eq. (12), we have
0 = χ(S)χ(At) + χ(A−t)χ(S) + 
∑
j 	=0,−t
ξ
( j+t) jt
8g
p
(−2g( j + t) jt
p
)
χ(A j+t)χ(A j). (13)
By the inversion formula, we see that Eq. (12) holds if and only if Eqs. (5) and (13) hold.
Remark. Recall that  = S0 − N0 satisﬁes ¯ = p. We get from Eq. (13) that |χ(S(−1)Ai + S A(−1)−i ).
When S = Scx or S = Ncx for some x ∈ 〈c〉, since χ(Sc) is coprime to , we have |χ(Aix−1 +
(A−i x−1)(−1)). A similar argument to that in the proof of [10, Lemma 3.1] shows that there are exactly
three cases: (1) Ai = A−i = 0, (2) Ai = A−i = 〈c〉, (3) Aix−1 + (Aix−1)(−1) = 〈c〉. This may be helpful in
the further study of such difference sets. The proof is much the same and we will not use this result
here, so we do not include a proof, but leave it to the interested reader.
Provided Eq. (12) holds for each t ∈ Z∗p , the elements of W1 = 〈a〉〈c〉\〈c〉 have the same coeﬃcients
on both sides of Eq. (6). Because D is ﬁxed by σ , each element in the orbits of those in W1 will have
the same coeﬃcients on both sides of Eq. (6). Recall that 〈c〉, 〈b〉 \ {1G} and W1 form a complete set
of orbit representatives of σ . Combining these facts, we see that D is a difference set if and only if
Eqs. (3), (4), (9), (10), (5) hold and Eq. (13) holds for all t ∈ Z∗p .
3.4. The skew Hadamard case
From now on we further assume that D is a skew Hadamard difference set, namely,∑
i∈Z∗p
Li Ai + T 〈c〉 + S +
∑
i∈Z∗p
L−i A(−1)i + T (−1)〈c〉 + S(−1) + 1 = G.
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the orbit of ai . It follows that S + S(−1) + 1G = 〈c〉, Ai + A(−1)−i = 〈c〉 for each i ∈ Z∗p . Together with
Eq. (9), we see that S is a skew Hadamard difference set in 〈c〉, i.e., S ∈ {Sc,Nc}. Also Ai + A(−1)−i = 〈c〉
gives us R + R(−1) = p(〈a〉 − 1). Now it follows from Eq. (5) that RR(−1) = p2+p4 + p
3−2p2−1
4 〈a〉. Let
χ be a non-principal character which maps a to ξp . We have χ(R) + χ(R) = −p, χ(R)χ(R) = p2+p4 .
From these two equations we solve that χ(R) = − p2 + 12	, where 	 = ±1. Together with the fact
|R| = p2−p2 , we deduce by using the inversion formula that
R = p
2
(〈a〉 − 1)+ 1
2
	
∑
i∈Z∗p
(
i
p
)
ai .
This R clearly satisﬁes Eq. (5). Recall that R = ∑i∈Z∗p |Ai|ai , so we have |Ai | = p+	(
i
p )
2 for
each i ∈ Z∗p .
Now we see that the necessary and suﬃcient conditions for D to be a skew Hadamard difference
set are:
(C1) T ∈ {Sb,Nb}, S ∈ {Sc,Nc};
(C2) Ai + A(−1)−i = 〈c〉 and |Ai | =
p+	( ip )
2 for each i ∈ Z∗p , where 	 = ±1;
(C3) Eq. (10) holds;
(C4) Eq. (13) holds for each t ∈ Z∗p .
4. The construction
We set S = Nc , T = Sb , Ai = (Nc + 1−(
i
p )
2 )c
−i3
24g +im for each i ∈ Z∗p , where m is a ﬁxed constant
in Zp . Also take g such that (
2g
p ) = 1. It is clear that the Ai ’s are subsets of 〈c〉: when ( ip ) = 1, Ai =
Ncc
−i3
24g +im; when ( ip ) = −1, Ai = (Nc + 1)c
−i3
24g +im . We verify that the four conditions in Section 3.4
are satisﬁed, so that D = ∑i∈Z∗p Li Ai + T 〈c〉 + S is a skew Hadamard difference set in G . This will
complete the proof of Theorem 1.
The ﬁrst condition (C1) clearly is satisﬁed. Also, |Ai| = p−(
i
p )
2 , and Ai + A(−1)−i = (Nc +
1−( ip )
2 )×
c
−i3
24g +im + (N(−1)c + 1−(
−i
p )
2 )c
−( i324g −im) = 〈c〉c −i
3
24g +im = 〈c〉 for each i ∈ Z∗p , so (C2) is satisﬁed. We have
∑
i∈Z∗p
Ai A
(−1)
i =
p − 1
2
NcN
(−1)
c + p − 12 (Nc + 1)(Nc + 1)
(−1)
= p − 1
2
(
p + 1
4
+ p − 3
4
〈c〉 + p + 1
4
+ p + 1
4
〈c〉
)
= p
2 − 1
4
+ p
2 − 2p + 1
4
〈c〉.
Therefore, Eq. (10) holds. We thus only need to verify (C4) now. Write li := −i324g + im for i ∈ Zp . We
have l−i = −li for each i ∈ Z∗p , and l j+t = l j + lt − ( j+t) jt8g for j, t ∈ Zp . We compute the two terms in
the right-hand side of Eq. (13) separately. The ﬁrst term is equal to
χ(S)χ(At) +χ(A−t)χ(S) = N0
(
N0 +
1− ( tp )
2
)
ξ
lt
p +
(
N0 +
1− (−tp )
2
)
ξ
−l−t
p N0
= ξ ltp
(
2 · p + 1
4
+ 1− (
t
p )
2
S0 +
1+ ( tp )
2
N0
)
= p − (
t
p )
2
ξ
lt
p .
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
∑
j 	=0,−t
ξ
( j+t) jt
8g
p
(−2g( j + t) jt
p
)
χ(A j+t)χ(A j)
= 
∑
j 	=0,−t
ξ
( j+t) jt
8g +l j+t−l j
p
(−2g( j + t) jt
p
)(
N0 +
1− ( j+tp )
2
)(
N0 +
1− ( jp )
2
)
= ξ ltp
(−2gt
p
)

∑
j 	=0,−t
(
( j + t) j
p
)[
p
4
− 
4
(
j + t
p
)
+ 
4
(
j
p
)
+ 1
4
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Here we have used Eq. (1) and the fact that
∑
j∈Zp (
j
p ) = 0. The two terms sum to zero, so we see
that Eq. (13) holds. We thus conclude that D is a skew Hadamard difference set in G .
Remark. (1) When p ≡ 1 mod 4, the analysis in Section 2 is still valid. In this case, take g ∈ Z∗p such
that ( 2gp ) = −1 and deﬁne G , D as in Theorem 1. Then D is a partial difference set with parameters
(p3, p
3−1
2 ,
p3−1
4 ,
p3−5
4 ). The cases p = 5,13,17 were ﬁrst conﬁrmed by Yin Tan by computer search,
following the same ideas in this paper. We do not include a proof here, since it is much the same as
that in the difference set case.
(2) We conducted a similar analysis in the other non-abelian group of order p3: G2 = 〈a,b | ap2 =
bp = 1, b−1ab = a1+p〉. We failed to ﬁnd any difference set ﬁxed by an automorphism of order 7
when p = 7 in this group. This is quite interesting compared with the case where p = 3. When p = 3,
according to [15], there is no difference set in the non-abelian group G of order 27 and exponent 3,
but there is a skew Hadamard difference set D1 in G2 ﬁxed by an automorphism group σ1 of order 3,
where
D1 =
{
a,a5,a6,a7,b,ba,ba2,ba3,ba4,ba6,b2a,b2a5,b2a7
}
,
and σ1(a) = ab, σ1(b) = ba3, cf. [21].
5. The related designs
Let us ﬁrst recall some basic concepts about symmetric designs, all of which can be found in [2].
An automorphism of a symmetric design D consists of a permutation of its points and a permutation
of its blocks such that the incidence relation is preserved. In other words, if A is the incidence matrix
of D, an automorphism speciﬁes permutation matrices P and Q such that P AQ = A. Equivalently,
we call a permutation π of the points an automorphism of the design if for each block B , the set
{π(x): x is incident with B} is also a block. The collection of all automorphisms forms a group under
composition, called its full automorphism group, written as Aut(D). A subgroup H of Aut(D) is called
an automorphism group. If H is sharply transitive on both the points and the blocks, it is called a
regular automorphism group. Given two symmetric designs with incidence matrices A, B respectively,
T. Feng / Journal of Combinatorial Theory, Series A 118 (2011) 27–36 35we say that they are isomorphic if there are permutation matrices P , Q such that P AQ = B . Two
isomorphic symmetric designs clearly have isomorphic full automorphism groups. Let D be a (v,k, λ)
difference set in a ﬁnite group G . Then D gives rise to a symmetric design D = Dev(D), called its
development. The points of D are the elements of G , and the blocks are the translates of D , namely,
gD = {gd: d ∈ D} for all g ∈ G . There is a natural embedding of G into Aut(D) as a regular subgroup
through the left regular action on the points.
Let D be the difference set described in Theorem 1, and write D = Dev(D). Recall that G is the
non-abelian group of order p3 and exponent p. Let Q be the set of nonzero squares in the Galois
ﬁeld F p3 . Then Q is the Paley difference set in the additive group of F p3 with the same parameters
as D . Its development Q = Dev(Q ) is called the Paley design. The full automorphism group of Q was
determined by Kantor in [14] about forty years ago. When p > 11, Aut(Q) consists of all permutations
of the form
π : x → aσ(x) + b, ∀x ∈ F p3 ,
where a is a nonzero square in F p3 , b ∈ F p3 and σ is a ﬁeld automorphism of F p3 . Its Sylow p-
subgroup is normal in Aut(Q) and is elementary abelian of order p3. Therefore, Q does not have an
automorphism group isomorphic to our group G . Because Aut(D) has a regular subgroup isomorphic
to G , we see that Aut(D) and Aut(Q) are not isomorphic. It follows that D and Q are not isomorphic
when p > 11.
When p = 7 and p = 11, it is veriﬁed with Magma that Aut(Q) has size 33 · 73 · 19 and 3 · 5 ·
7 · 113 · 19 respectively, so a Sylow p-subgroup has size p3 in each case. Because Q has a regular
automorphism group which is elementary abelian of order p3, a Sylow p-subgroup of Aut(Q) must
be elementary abelian in both cases. It follows that D and Q are not isomorphic when p = 7 and
p = 11. Now we conclude that the two designs D and Q are never isomorphic. It is of independent
interest to determine Aut(D).
Finally, we say a bit more about the p = 7 case. We set g = 1 in the deﬁnition of σ . Besides the
type of difference sets D described in Theorem 1, we have also found another type of skew Hadamard
difference set. A typical one is given as follows: Set A1 = {1, c, c6}, A2 = {1, c3, c5}, A3 = {1, c, c4, c5},
A4 = {c, c4, c5}, A5 = {c, c3, c5, c6}, A6 = {c2, c3, c4, c5}, and set T , S , Li ’s as deﬁned in Theorem 1.
Then D2 = ∑i∈Z∗p Li Ai + T 〈c〉 + S is a skew Hadamard difference set. Its development D2 has a full
automorphism group of order 3 · 74, while D has a full automorphism group of order 32 · 74 for each
m ∈ Z7. Therefore, D2 and D are not isomorphic.
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